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Abstrat
Last years, there has been a renewed interest in the utilization of statistial eld theory meth-
ods for the desription of systems at equilibrium both in the viinity and away from ritial points,
in partiular in the eld of liquid state physis. These works deal in general with homogeneous
systems, although reently the study of liquids in the viinity of hard walls has also been onsidered
in this way. On the other hand, eetive Hamiltonian pertaining to the φ4 theory family have been
written and extensively used for the desription of inhomogeneous systems either at the simple in-
terfae between equilibrium phases or for the desription of wetting. In the present work, we fous
on a eld theoretial desription of the liquid vapor interfae of simple uids. We start from the
representation of the grand partition funtion obtained from the Hubbard-Stratonovih transform
leading to an exat formulation of the problem, namely neither introduing an eetive Hamiltonian
nor assoiating the eld to the one-body density of the liquid. Using as a referene system the hard
sphere uid and imposing the oexistene ondition, the expansion of the Hamiltonian obtained
yields a usual φ4 theory without unknown parameter. An important point is that the so-alled ap-
illary wave theory appears as an approximation of the one-loop theory in the funtional expansion
of the Hamiltonian, without any need to an underlying phenomenology.
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1 Introdution
The struture in the interfae between two uid phases at oexistene plays a entral role in nu-
merous spei situations, as for instane wetting transitions and related phenomena [17℄, and
presents a great interest in itself from a theoretial point of view. Interfaes between oexisting
subritial phases at equilibrium provides some of the key features of more omplex situations.
For simple uids the most important harateristi is the presene of thermally ativated apillary
waves [8℄ and their oupling with bulk utuations. Capillary waves are usualy desribed through
the introdution of an eetive surfae Hamiltonian written as a funtional of the interfae height
h(~s) (~s: oordinate parallel to the interfae) and a priori built from a phenomenologial desription
of the interfae. Then this Hamiltonian, H [h(~s)], an be treated in the framework of eld theoretial
methods [2,4℄, or renormalization group (RG) [9℄ theory. Reently, the hierarhial referene theory
(HRT ) has been generalized to inhomogeneous ase in order to deal with wetting transitions [7℄.
At the liquid vapor interfae when H [h(~s)] is treated at the gaussian level the apillary wave
theory (CWT ) is reovered, leading to the well known 1/q2 behavior for the height-height struture
fator S∆z ∆z(q). Using a 3D φ
4
model [5,6,10,11℄ the theory has been extended in the sense that
the stohasti variable of the eetive Hamiltonian does not oinide any more with the height h(~s).
An alternative way to dedue an eetive Hamiltonian from a DFT funtional inluding the eet
of the loal urvature of the interfae has been introdued in refs. [12, 13℄. Reently [14℄, a model
for the density prole based on an extension of a displaed prole type of approximation, where the
prole is written as a funtion of (z − h(~s)) was onsidered. In addition, together with the surfae
utuations desribed by the height h(~s)), the bulk phase utuations are added.
The purpose of the present work is to provide a simple desription of the liquid / vapor interfae
struture of simple uids in the framework of statistial eld theory. We start from the Hubbard
Stratonovih (KSSHE) [15℄ transform to get a representation of the grand-potential from whih
we dedue the surfae tension and the surfae struture fator at the the so-alled one loop ap-
proximation level. This is done via the determination of the eigenvalues and eigenfuntions of
the seond funtional derivative of the mean eld KSSHE Hamiltonian. Taking into aount the
whole spetrum of eigenstates is of the outmost importane to obtain the orret result. One of the
salient points of this work is that one reovers both the CWT and its rst extension, namely the
appearane of the bending rigidity fator k and the oupling between surfae and bulk orrelations
in S(q), without invoking any ad ho phenomenology.
2 KSSHE transform and mean-eld approximation
We briey reall the important steps leading to the approriate statistial eld theory formulation of
the problem; the interested reader is refered to ref. [15, 16℄ and [17℄ for an alternative formulation.
We onsider a simple uid whose pair interation potential inludes a hard sphere repulsive part
and a soft attrative part, denoted v(r). Let w(r) = −βv(r) as usual and suppose that only purely
attrative potentials are onsidered (w is a positive denite operator, i.e. w˜(k) > 0). In the ore
2
region (r < σ), w an be hosen at will or regularized in order to fulll a onveniently hosen
riterion. We work in the grand anonial ensemble, namely at onstant hemial potential ν = βµ,
and we onsider the GC partition funtion related to the grand potential Ξ = exp(−βΩ). Using
the Hubbard Stratonovih transformation one an get Ξ in the form of a funtional integral of
exp(−H [φ]) over the eld φ(~r) whih makes the link with statistial eld theory, H [φ] being the
eetive Hamiltonian
H =
1
2
< φ|w−1|φ > − ln(ΞHs[ν¯ + φ]), (1)
with ν¯ = ν − w(0)/2 and ΞHS [ν] is the hard sphere grand partition funtion at the loal hemial
potential ν(~r). A Landau-Ginzburg form is obtained from a funtional Taylor expansion of ln(ΞHS)
arround some referene hemial potential of the hard sphere uid, ν0. Performing an expansion
up to order k2 of the propagator, ∆˜−1(k) = K0 +K2k
2
, we are left with
H [φ] = H0 +
∫ (
K2
2
(
∂φ
∂~r
)2
+
K0
2
φ2 + V (φ) −Bφ
)
d~r (2a)
V (Φ) =
∑
n≥3
un
n!
φn (2b)
un = −∂
n(βPhs)
∂νn
(ν = ν0) ≡ −(βPhs)(n)[ν0] (2)
where in addition, we have negleted the k2 dependene of the un. This formulation allows an exat
mapping between the densities and their orrelations with the mean value and the orrelations of
the eld [15℄. For instane at oexistene, the densities ρl and ρg of the two phases orrespond to
the two values < φ >l and < φ >l. The external eld B in (2a) is given by :
B = w−1 ∗∆ν + ρhs [ν0] with ∆ν = ν¯ − ν0.
The value of ν0 an be hosen in suh a way that the φ
3
term vanishes and the oexistene ondition
between the liquid and vapor phases is B = 0. K0 is related to the deviation from the ritial
temperature: t = (Tc − T )/Tc ∝ (−K0). The interation part of the Hamiltonian is denoted by
V (φ).
In the inhomogeneous system, we assume a speial realization of the two phases oexistene: we
impose expliitly the ourene of a bulk liquid and a bulk gas, at densities ρl and ρg separated by
a planar surfae loated at z = z0. The inhomogeneous mean eld equation, δH [φ]/δφ = 0, leads
to the mean eld prole φc(z) = φb tanh(c(z − z0)), when V (φ) is restrited to the order φ4. Here,
c = (−K0/2K2)1/2, the inverse of the bulk orrelation length, is also the inverse of the intrinsi
interfae width and → 0 as t1/2 when t → 0. The mean eld surfae tension follows from the
3
identity ΩMF [ν] = H [φc(z)] with the result
βσ2γMF = 4σ
2(−2K2K30/u24)1/2,
whih is similar to the expression given by Brilliantov [11℄ with however another denition for the
referene system. Note that for t → 0, γMF ∼ t3/2. Finaly, for numerial alulations, we took for
the un their Carnahan Starling values and the potential is regularized either in a W.C.A. sheme
or from ref. [22℄.
3 One loop equations
In order to go beyond the mean-eld level we expand the Hamiltonian in the viinity of φc(z). The
rst orretion stems from the seond order term and we have (z0 = 0),
H [φ = φc + χ] ≃ H [φc] + 1
2
∫
χ(1)H(2)(1, 2)χ(2)d1d2 (3)
Introduing the funtion g(z) = (K0 + V
′′(φc(z)))/K2, after a Fourier transform parallel to the sur-
fae, the operatorH(2) is diagonalized in the set of the eigenfuntions ϕn solution of the eigenvalues
equation (ǫn = K2(q
2 + c2ωn))
K2
(
− ∂
2
∂z2
+ q2 + g(z)
)
ϕn(z) = ǫωϕn(z) (4)
the solutions of whih are known [5,18℄; the spetrum of eigenfuntions inludes two bound states,
ϕ0 = C0/ cosh
2(cz) and ϕ1 = C1 sinh(cz)/ cosh
2(cz), with ω0 = 0, ω1 = 3 respetively and a
subset of unbounded states, or ontinuum spetrum ϕk(z), with k = c
√
ωk − 4 whih behave as
plane waves in the bulk phases, i.e. far from the interfae, and are given by
ϕk(z) = C1(k)e
ikz
[
2− k
2
c2
− 3i
c
k tanh(cz) + 3 (tanh2(cz)− 1)
]
(5)
It is important to note that ϕ0(z) ∝ ∂φc(z)/∂z. Then the subset of unbounded eigenstates must
be orthogonalized; using the eigenvalue equation (4) and given the form of the ϕk(z) (5), we get a
non trivial dispersion relation leading to the density of states (x = k/c)
ρ(k) =
L
π
− 1
πc
[
1
(1 + x2)
+
2
(4 + x2)
]
=
L
π
+
f(x)
c
(6)
where L is the size of the system in the z diretion. It is important to note that
∫∞
−∞
f(x)dx = -2
whih proved useful in all alulations. Zittartz [18℄ have already got this density of states but
without expliitely mentionning the need of the orthogonalization. In [19℄ a similar kind of dis-
persion relation was obtained in the modelling of the harge density prole of eletrolytes in the
framework of another eld theory. We emphasize that the orthogonalization of the eigenstates
is of ruial importane for the alulation of gaussian funtional integrals. In order to alulate
ln(Ξ) and the orrelation funtions, we write the elds χ(~r) in the basis whih diagonalize the
4
operator H(2), namely a Fourier transform in the diretion ~s and a projetion on the ϕλ(z) where
{λ} = {n = 0, 1; k} denotes the whole spetrum of eigenstates. From usual gaussian funtional
integrals [20℄ we get
ln(Ξ) = −H [φc] + V
2
∫
d3~k
(2π)3
ln
(
wˆ−1(k)
ǫk(q)
)
(7)
−S
2
∫
d~q
(2π)2
(∑
n
ln (ǫn(q)) +
∫
dkf(k/c) ln (ǫk(q))
)
where ǫk orresponds to the seond funtional derivative of the Hamiltonian for the φ
4
homogeneous
model taken at φ = φc(± L). Therefore, the volume term of ln(Ξ) in (7) is nothing but βpV at
the one loop level of approximation [15℄. We nally write the surfae term of ln(Ξ) in term of the
surfae tension γ = [ln(Ξb)− ln(Ξ)]/S = γMF + γ(1). We obtain (γ(1∗) = βγ(1)σ2)
γ(1∗) =
1
8π
[
(x− c2) ln
(
1− 2c√
x+ c
)
+(x− 4c2) ln
(
1− 4c√
x+ 2c
)
− 6c√x
]q2
M
+4c2
q2
m
+4c2
(8)
where qm and qM are the lower and upper bound respetively of the integral over q. A similar
result was obtained in [18℄ for a spin model. This result diers from that obtained in [4℄ where only
the n = 0 eigenstate is kept.
We now onsider the alulation of the eld two-body orrelation funtions,
G(1, 2) =< χ(1)χ(2) >H . More preisely, we fous on the Fourier transform parallel to the sur-
fae, G(z1, z2, q). For this we have to alulate the sum
∑
λ
ϕλ(z1)ϕ
∗
λ(z2)
ǫλ(q)
=
∑
n=0,1
ϕn(z1)ϕn(z2)
ǫn(q)
+
∫
ρ(k)
ϕk(z1)ϕ
∗
k(z2)
ǫk(q)
dk
A ontribution of the integral over k anels exately the diret ontribution of the two bound states,
whih shows, one again, that the approximation onsisting in keeping only the ϕ0(z) eigenmode
is not suient. The result is (z>,< = sup, inf(z1, z2))
G(z1, z2, q) =
9
2cK2
exp(−c |z12| ((q/c)2 + 4)1/2)
((q/c)2 + 4)1/2(q/c)2(((q/c)2 + 3)
x
[
1 + q2/3c2 + ((q/c)2 + 4)1/2 tanh(cz>) + tanh
2(cz>)
]
x
[
1 + q2/3c2 − ((q/c)2 + 4)1/2 tanh(cz<) + tanh2(cz<)
]
(9)
4 Results and disussion
Capillary behavior and surfae struture fator
We started from the expansion of the eetive Hamiltonian on the basis of the eigenstates ϕλ(z).
The rst eigenstate, ϕ0(z) is proportional to the derivative of the mean eld result φc(z), the
proportionality onstant being determined by the normalization. If we keep only this rst eigenstate,
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the expansion of χ reads χ(~s, z) = ξ(~s)ϕ0(z). Hene the eld takes the form φ(z) = φc(z−zint(~s))
and only the linear term in the expansion of φ with respet to zint is kept. This orresponds to the
so-alled rigidly displaed prole approximation, where zint = −aξ(~s) represents the utuating
loation of the interfae. The orresponding ontribution to H is a funtional of ξ(~s) whih denes
an eetive surfae Hamiltonian given by
H(0)s [ξ(~s)] =
1
2
∫
d~s
[
K2(∂~s(ξ(~s))
2 + ω0ξ(~s)
2
]
(10)
using ω0 = 0, and the mean eld equation yielding K2/a
2
= βγMF we rewrite (10) in the form
H(0)s =
1
2
βγMF
∫
d~s(∂~s(zint(~s))
2 = HCWT (11)
whih oinides with the usual eetive surfae Hamiltonian of the CWT theory for the free surfae,
i.e. in the absene of external eld. Therefore we obtain the CWT as the lowest approximation
beyond the mean eld approximation without invoking phenomenologial arguments.
The struture is also haraterized by the height-height orrelation funtion, < zint(~s1)zint(~s2) >
or its Fourier transform parallel to the surfae whih denes the surfae struture fator, S∆z∆z(q),
where zint(~s) is the loation of the interfae relative to its mean value. We onsider
∫
χ(~s, z)dz/∆φb,
where ∆φb = φc(L)−φc(−L), as a measure of the instantaneous loation of the surfae at ~s, whih
amounts to dene the loation of the surfae from a onstraint on the integral of χ, as is done in [14℄
for the density prole. We are then led to identify S∆z ∆z(q) = (∆φc(b))
−2
∫
G(z1, z2, q)dz1dz2,
whih orresponds to the Sic used in [14℄. It is important to notie that the oupling with the bulk
utuations are inluded in the present formulation through the eigenstates of the ontinuum. We
also introdue the eetive surfae width, or surfae orrugation, σeff =< zint(~s1)zint(~s1) >.
The behavior of S∆z ∆z(q) is analysed from the funtion g˜(q) =
∫
dz1
∫
dz2G(z1, z2, q). From
(9) we get for the leading term of G(z1, z2, q) when q → 0
G(z1, z2, q → 0) ≃ 1
K2q2
ϕ0(z1)ϕ0(z2) (12)
whih orresponds to the CWT behavior. Then it is easy to show that 1/(∆φb)
2g˜(q → 0) →
1/(γMF q
2) from the relation already used between the normalization of ϕ0(z) and γMF ((
∫
ϕ0(z)dz)
2
= (∆φb)
2K2/γMF ). This is exatly the CWT behavior, leading to the well known logarithmi di-
vergene of the surfae orrugation for whih we get σeff = (4πγMF )
−1 ln(q2M/q
2
m).
It an be shown from (9) that the ontribution to g˜(q) diverging with the system size, due to
the bulk orrelations, is exatly (2L) times the integral of Gb(z12, q),the orrelation funtion of the
bulk phase, over z12 If we keep only these two terms we get
S∆z ∆z(q) ≃ 2L
∆Φ2
∫
Gb(q, z12)dz12 +
1
γMF q2
(13)
Given that the bulk term vanishes when q → 0, we see that (13) presents a ross-over like behavior
in terms of wave vetor q, where a threshold value qs naturally appears, separating the apillary
6
wave behavior at small values of q from the bulk like behavior at q > qs, with qs given by
qs ∼ [(2LγMF /∆Φ2)
∫
Gb(q, z12)dz12]
−1/2.
Suh a behavior is in agreement with that of Refs. [14, 21℄; however, in the present formulation
the bulk utuations ome out of the alulation through the ontinuum subset of eigenstates and
have not to be added to the eld prole. Furthermore, from (13) we an drop exatly the bulk
ontribution, and doing this we dene a purely interfaial ontribution to S∆z ∆z(q) (see g.(1)).
Sint(q) = S∆z ∆z(q)− (2L/∆φ2b)
∫
Gb(q, z12)dz12 (14)
Then the departure of Sint(q) from its 1/q
2
behavior allows us to isolate the deviations from the
apillary wave like behavior of S∆z ∆z(q). To this aim we dene β(q) = (q
2Sint(q))
−1 − γMF .
β(q)/q2 is found nearly onstant and thus lead us to dene a bending rigidity of the interfae,
κ = lim
q→0
((1/q2)β(q)) ≃ ((1/q2)β(q)) (15)
whih takes a positive value, as it should be for the stability of the interfae [13℄. In other words,
the small q behavior of Sint(q) is
Sint(q) ≃ 1/[γMF q2 + κq4]
Here we nd κ = κ∗(γMFσ
2)/(σc)2, with the redued value κ∗ = 0.288.
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Figure 1: Log-log plot of g˜∗(x) versus x = q/c for Lc = 100, 80, 60, 40
and 20 from top; interfaial ontribution ∆φ2
b
S∗
int
(x), bottom;
CWT limit, straight line.
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Surfae tension
The ontribution γ(1), given by (8), depends on the two bounds qm and qM of the wave vetor q
whih are related to the relevant parameters of the interfae: on the one hand qM/c = 2π/(σc)
where 1/(σc) is the intrinsi width of the interfae in unit σ, qM/c ∈ [1,∞[. On the other hand,
qm/c = (2π)(Lx/c) where Lx is the system lateral size; hene qm/c = (qM/c)(σ/Lx). Thus qM/c
appears as a natural parameter, with qM/c ∈ [2π,∞] and 1/(qM/c) ∝ c ∝
√
t. We an now
re-write γ(1∗) is a more onvenient form (σ/Lx ∈ ]0, 1])
γ(1∗) =
π
2(qM/c)2
[
γ˜(4 + (qM/c)
2)− γ˜(4 + (qM
c
σ
Lx
)2)
]
(16)
(Lx/σ) is either the atual lateral system size or the sale at whih γ is measured, for instane
in a numerial simulation (see ref. [23℄), but in any ase does not depend on t. We an note that
whatever the values of σ/Lx or (qM/c), σ
2γ(1) remains nite and more preisely
γ
(1∗)
Lx→∞
(qM/c→∞) ∼ − 6π
qM/c
(17)
whih → 0 when t → 0 as t1/2. The results for σ2γ(1∗) are displayed in g. (2). We interpret
σ2γ(1∗)(σ/Lx) as the q−dependent ontribution to γ with q = (2πσ/Lx). This means that the
at interfae orresponding to the mean eld approximation is obtained when no utuation at all
are taken into aount, namely for q ∼ qM . This diers from what is done in Ref. [13℄ (see also
ref. [24℄) where the ontribution to γ due to the surfae utuations vanishes at q → 0. The small
q behavior of γ(1∗) is easily obtained from (16) and yields
γ
(1∗)
q→0 ≃ γ(1∗)(0) +
1
8π
[(qσ)2[a+ ln(cσ)]− 2(qσ)2 ln(qσ)] with a = 3.48491 (18)
from whih we an dedue a rossover value of q given by q0σ = (cσ)e
a/2
, separating the q2 behavior
from the (qσ)2 ln(qσ) behavior obtained for q < q0 and q > q0 respetively. It is important to note
rst that we always get an inreasing γ(1)(q) and seondly that sine q0 is proportional to c, we get
a plateau (orresponding to the q2 dependene) at small values of σ/Lx only when qM/c takes small
values, i.e. for the lowest temperatures (see gure (2). This behavior is in qualitative agreement
with the simulation results of [23℄.
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Figure 2: γ(1)(σ/Lx)/γ
(1)(0) in terms of σ/Lx for qM/(2πc) = 1; 2; 5
and 50 from bottom to top.
Notie that the term proportional to q2 in the variation of γ(1) with q an be interpreted as
resulting from the energy neessary to bend the interfae, and should be related to κ obtained from
the behavior of Sint(q) (see eq. (15). This is not a priori the ase sine we do not expet a fully
oherene in the framework of a loop expansion between the energeti and struture quantities.
Conluding remarks
To onlude, we have shown in this work that the simple one-loop expansion of the grand potential
in the the simplest inhomogeneous situation provides a qualitative but nevertheless oherent piture
of the struture of the liquid vapor interfae of simple liquids. We emphasize that the spetrum
of eigenstates resulting from the diagonalization of the seond funtional derivative of the eetive
Hamiltonian must be treated as a whole and one annot take into aount only the rst bounded
state as sometimes done in the literature. Moreover, starting from a 3D Hamiltonian, and without
invoking a phenomenologial desription of the interfae, we reover the usual CWT surfae Hamil-
tonian as the rst approximate step. We also show that we an extrat a rigidity bending fator
whih takes a positive value, in agreement with the requirement for the stability of the interfae
with respet to utuations.
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